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Abstract 


Although quantum logic by using exogenous approach has been proposed for 
reasoning about closed quantum systems, an improvement would be worth to study 
quantum logic based on density operators instead of unit vectors in the state logic 
point of view. In order to achieve this, we build an exogenous quantum operator 
logic(EQOL)based on density operators for reasoning about open quantum sys¬ 
tems. We show that this logic is sound and complete. Just as the exogenous quantum 
propositional logic(EQPL), by applying exogenous approach, EQOL is extended 
from the classical propositional logic, and is used to describe the state logic based 
on density operators. As its applications, we confirm the entanglement property 
about Bell states by reasoning and logical argument, also verify the existence of 
eavesdropping about the basic BB84 protocol. As a novel type of mathematical 
formalism for open quantum systems, we introduce an exogenous quantum Markov 
chain(EQMC) where its quantum states are labelled using EQOL formulae. Then, 
an example is given to illustrate the termination verification problem of a general¬ 
ized quantum loop program described using EQMC. 

Key words Quantum logic, Exogenous, Density operators, Soundness, Complete¬ 
ness. 


1 Introduction 

Since the 1990s, with the implementation of Shor algorithm for factorizing the large integers 
and the Grover quantum search algorithm, quantum theory is widely accepted as a successful 
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theory of nature seienee [1]. As an aspeet of quantum theory’s development, in a series of re- 
eent papers, a good deal of work about quantum logie has been diseussed [2-6]. There are at 
least two kinds of quantum logies for quantum systems. One is ealled quantum logies devel¬ 
oped by Birkhoff and von Neumann [7-10]. Another one is ealled quantum eomputation logies 
for quantum information systems, whieh are developed for quantum eomputation and quantum 
information [7, 11,12]. The differenee between quantum logies and logies for quantum informa¬ 
tion system is: the formers eoneern about a basie semantie question with an emphasis on high 
abstraet level mathematieal struetures, i.e., the lattiees of elosed subspaees of a Hilbert spaee 
where the elassieal eonneetives by new eonneetives representing the lattiees operations, while 
the latters speeially foeus on their applieations and are deseribed in the framework of quantum 
eomputation and quantum information. 

Unlike the mainstream quantum logie, a novel logie is introdueed in [13-18] for modeling 
and reasoning about quantum systems. It is an extension of probability logie by using exogenous 
approaeh, looks like modal logie whieh is an extension of the elassieal proposition logie. The 
logie is very powerful and speeialized for deseribing quantum meehanieal eomponents and 
proeedures. It ean reason about a finite eolleetion of qubits, and express quantum states in a 
Hilbert spaee. So, it is suitable to apply in quantum eomputation and information. 

The exogenous approaeh doesn’t ehange the models of the original logie, and only adds 
some additional struetures on eolleetions of those models as they are [18]. For more details, we 
refer to R.Chadaha [18]. By using the exogenous approaeh, R.Chadaha et al. adopt models of 
elassieal proposition logie as their original models, give quantum models(semanties) with su¬ 
perpositions of elassieal models(valuations), and design a logie language for eonstraining these 
superpositions. They eall it an exogenous quantum propositional logio(EQPL) [18], and prove 
that EQPL is sound and eomplete. Besides, for deseribing and reasoning about the evolution of 
quantum system, they also propose several dynamie logies and temporal logies as extensions of 
exogenous quantum propositional logie. In partieular, they introduee quantum linear time logie 
and quantum eomputational tree logie, provide their weak eompleteness proofs, and study their 
satisfiability and the model eheeking problems [14,17]. 

Now, logies for quantum systems by using exogenous approaeh have been widely applied in 
the model eheeking problems about quantum protoeols and eommunieating quantum proeesses 
[19-24]. P.Mateus et al. have investigated the model eheeking problems for exogenous temporal 
quantum logies, and reasoned about the BB84 protoeol by using their logies [14] . Tim Davidson 
et al. have introdueed a quantum model eheeker whieh is used to verify the eorreetion and safety 
of quantum protoeols [24]. They speeify properties of quantum protoeols using exogenous 
quantum eomputation tree logie. 

As indieated in [17,18], there are many other problems to be done along exogenous ap¬ 
proaeh. In the exogenous quantum proposition logie, the state logie is based on the unit veetors, 
and so EQPL is used to reason about the elosed quantum systems. An improvement is to build 
a quantum logie based on the density operators as the state logie whieh is suitable to deseribe 
open quantum systems. We have noted that a term language in EQPL eonsists of amplitude 
terms, probability terms, alternation terms, ete., and is interpreted in the real elosed field of the 
quantum strueture or in the elosure of the real elosed fields. These elements are used to deseribe 
the probability eharaeteristies oeeurring in measurements. But, this term language doesn’t seem 
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to describe the density operators. Hence, by changing the term language, it may be possible to 
achieve the desired logic. Meanwhile, we also hope that the desired logic can be used to de¬ 
scribe quantum communication, quantum cryptographic protocols, quantum programs in open 
quantum environment. To these ends, in this paper, we will build an quantum operator logic in 
an exogenous perspective. It is our idea and the major technical contribution of this paper. To 
be specific, we propose the following. 

(1) In accordance with the fundamental idea of exogenous approach, we still keep classical 
propositional language unchanged, including its semantics. It is taken as an original 
fragment of our logic. 

(2) In the view of the quantum measurement, we define a operator term language which con¬ 
sists of some kinds of operator terms. These operator terms are interpreted in a collection 
of super-operators on H^b- We show that the role of these operator terms is similar to 
those of EQPL. 

(3) We denote a comparison between two operator terms as a quantum atomic proposition, 
then recursively define exogenous quantum operator formulae as global formulae, and 
eventually build exogenous quantum operator logic(EQOL). The quantum atomic propo¬ 
sition is a key notion which indirectly gives a comparison between the probabilities of 
two outcomes occurring in measurement. 

(4) We introduce a quantum operator structure based on a projective measurable space which 
enables us to propose the semantic of our logic. As a logical system, we show our logic 
is sound and complete. 

(5) As its applications, we research the entanglement property about Bell states, and the the 
existence of eavesdropping about the basic BB84 protocol. Also, we introduce a novel 
notion of quantum Markov chain which is used to illustrate the termination verification 
problem of a generalized quantum loop program. 

The rest of the paper is organised as follows. We recall the four postulates of quantum 
mechanics based on density operators, and introduce several quantum operators, a projective 
measurable space in Section 2. We present the syntax, semantic, quantum operator formulae of 
EQOL in Section 3. We show the soundness of EQOL in Section 4 and the completeness of 
EQOL in Section 5. We illustrate EQOL with several examples about the Bell states, the BB84 
protocol, a novel notion of quantum Markov chain and a generalized quantum Loop programs 
in Section 6. We summarize our results and the future work in Section 7. 


2 Notations and Preliminaries 

For the convenience of the reader, we write some basic notions that are needed in this paper. 
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2.1 Basic notations 


We only consider finite dimensional Hilbert spaces. Let qB be a finite set of qubit symbols, we 
write qB = {qbi,qb 2 , ■ ■ ■ , qbn). For A 6 2^^, A is a valuation on qB where qb is true if qb 6 A, 
otherwise, it is false. 2^^ is a collection of all valuations on qB. The Hilbert space Hgg is spanned 
by 2^^ which constitutes a standard computational basis, i.e., Hgs = span{\v)\v e 2^^}. S is 
a collection of super-operators on Hqs. P(HqB) = {P e S {Hqs) : P = P* = P^} is a collection of 
projective measurement operators, and Py e P(HqB) denotes a projective measurement operator 
on the subspace spanned by v 6 2^®. D(HqB) is a collection of all density operators. 

2.2 Four postulates 

In the exogenous quantum propositional logic [18], the unit vectors are taken to guide the state 
logic for closed quantum systems. But, to deal with the open and composed quantum systems, 
we need to consider the density operators. In this section, we recall the four postulates of 
quantum mechanics in density operator picture [1] which will guide our design logic, and also 
briefly introduce several basic ideas and concepts. For more details, we refer to Nielsen and 
Chuang [1]. 

Postulate 2.1. Associate to any isolated physical system is a complex vector space with a 
Hilbert space known as the state space of the system. The system is completely described by its 
density operator which is a positive operator p with trace one, acting on the state space of the 
system. If a quantum system is in the state Pi with probability Pi, then the density operator for 
the system is T-iPiPi. 

In R.Chadaha’s work, a qubit state is a superposition of two valuations |0) and |1) of a 
classical bit. Furthermore, a n-qubits state is a superposition of those classical valuations of 
n-classical bits. Accordingly, in density operator picture, a mixed state is a probability distribu- 
tion(ensemble) {pi, on pure states(classical valuations) Hfi)} with probability 0 < p; < 1, 
KrPi = 1- 

Postulate 2.2. The evolution of a closed quantum system is described by a unitary transforma¬ 
tion. That is, the state p of the system at time t\ is related to the state p' of the system at time t 2 
by a unitary operator U which depends only on the times ti and t 2 , that is, p' = UpUf 

Postulate 2.3. Quantum measurements are described by a collection {Pv} of measurement op¬ 
erators. These are operators acting on the state space of the system being measured. The index 
V refers to the measurement outcomes that may occur in the experiment. If the state of the quan¬ 
tum system is p immediately before the measurement then the probability that result v occurs 
is given by p(v) = tr(PvpPv), and the state of the system after measurement is The 

measurement operators satisfy the completeness equation, i.e., 'LyPlPy = 7. 

Let V be all possible outcomes, the Postulate 2.3 denotes that a possible outcome v e V 
is observable at the mixed state p with tr(PypPl). We assume that V is a collection of all 
classical valuations of ^5(n-qubits), that is V = 2^^, then a density operator p is a probability 
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distribution {tr{PvpPl), |v)} of all classical valuations by using measurement operators {Pv}- In 
fact, this result is similar to a probability distribution of all possible outcomes occurring in 
quantum measurements at a quantum pure state. 

Postulate 2.4. The state space of a composite physical system is a tensor product of the state 
spaces of the component physical systems. Moreover, if we have systems numbered 1 through 
n, and system number i is prepared in the state pu then the joint state of the total system is 

Pi ®P2 ®---®Pn. 

Without loss of generality, we assume that a physical system Hqs is a tensor product of two 
component physical systems and Let pi 6 p 2 6 then p = pi (g) p 2 6 

D{HqB)- In aceordanee with the postulate 2.3, every density operator p, is a probability distri¬ 
bution {tr{P^,ipP^f), |v')}, i = 1,2, then the density operator p can be expressed as a probability 
distribution {tr{PwpP]f), |w)}, where w is a string concatenation of and v^, \w) is a tensor 
product of |v^) and |v^). 

2.3 Projective measurable space 

The aim of this paper is to propose an exogenous quantum logie based on density operators for 
open quantum systems, in which the term of our logic is described not by the probability terms, 
the amplitude terms, etc., but by the operators whieh are interpreted in the super-operators 
S {Hqs)- Using these operators as quantum measurements, we will indireetly explain the prob¬ 
ability eharacteristies of outcomes occurring in measurements at a density operator. To this 
end, we need a concept be similar with the probabilistic measurable space. We will extend the 
probabilistic measurable spaee to a projeetive measurable space in whieh the probabilities are 
replaced by the super-operators. 

Let S {HqB) be the set of super-operators on H^b- Both (5 {H^b), 0, +) and (S {H^b), L j are 
monoids, where 0 and 7 are the null and identity super-operators on H^b- Let Si,S 2 6 S(HqB), 
for any p 6 D{HgB), (ei ■ sflip) = Si{s 2 (p)), (si -l- S 2 )(p) = si(p) + siip)- We omit the symbol ■ 
and write siS2 for si ■ S2. We ean show that (5(77 ^b), -I-, •) forms a semring [25]. 

Definition 2.1. Letsi,S 2 6 5(77^b), 

(1) si ^2 if for a given p 6 D{HqB), tr{s\{p)) < tr{s 2 {p)), also write by S 2 >p ei or 

^2 ^p £l/ 

(2) Si < S 2 if for any p 6 D{HqB), tr{si{p)) < tr{s 2 {p)); 

(3) Si S 2 if for a given p e DfHqB), tr{si{p)) = tr{s 2 {p)); 

(4) Si ~ S 2 if for any p 6 D{HqB), tr{si{p)) = tr(s 2 (p)). 

In this definition, the traee tr at a quantum state p is the probability that the quantum state 
is reaehed. si <p S 2 {si < e 2 )is used to eompare the ability of traee preservation. We denote 
them that the probability of measurement outcomes oeeurring in the projeetive measurement si 
is always not greater than that of performing S 2 , for a given p e D(77^5)(any p 6 D{HqB)). 

Definition 2.2. Let {V, be a measurable space, that is, V is a set of classical valuations 
and a cr-algebra over V. A function A : ^ S (HqB) is said to be a projective measure 

if A satisfies the following properties: 
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(1) A(y) ~ /, / is an identity operator. 

(2) A(IJ; A,) ~ 'LiA(Aj), for any pairwise disjoint and countable sequence Aj, A 2 , • • • in V. 

We call the triple < V, > is a projective measurable space. 

In accordance with this definition, onee a classical valuation is given, a corresponding pro- 
jeetive measurement operator will be gained. We will regard a elassical valuation as a mea¬ 
surement outeome. If a quantum system is at a quantum state p, then the probability of the 
measurement outeome U is p = tr{A{U)(p)). 

A projeetive measurable space is different from the probabilistie measurable spaee in [18], 
where the probabilities are replaeed by the super-operators. In faet, a projeetive measurable 
spaee is also ealled a super-operator valued measure space (or the super-operator valued dis¬ 
tributions) in [25]. For more details, we refer to the paper [25]. In the Section 3, we will use 
this projeetive measurable spaee to propose a quantum operator structure whieh interprets the 
semantics of our logic. 

3 Exogenous quantum operator logic 

In this section, we will design an exogenous quantum logie based on density operators from 
aspeets of syntax and semantics, called exogenous quantum operator logio(EQOL). We will 
use this logie to model and reason about open quantum systems. 

3.1 Syntax of EQOL 

Given a finite set of qubit symbols qB, the syntax of EQOL eonsists of classieal formulae, 
operator terms and quantum operator formulae. We will discuss it in detail below. 

( 1 ) elassical formulae: a ::=±| qb I a —> a. 

(2) operator terms: t ::= 0 \ I \ x \ Ja \ \ t + t \ tt \ t ^ t. 

(3) quantum operator formulae: y ::= t < t \ [G] |ii| 7 □ y. 

The first syntax part is the elassieal formulae. Just as EQPL, the elassieal formulae are the 
original language of our logie whieh guides the design of operator terms and quantum operator 
formulae. We eall them the original formulae whieh are built from qubit symbols in qB by using 
classical connectives(-i, and falsum ±. As usual, other classical connectives like V, A, <-^, T 
are defined. A colleetion of all elassical formulae is denoted by Fc. 

The second syntax part is the operator terms. In the syntax of EQPL, the term language 
is used to interpret amplitudes, probabilities in real closed fields, and is a core part of EQPL. 
Instead, we denote the term language in our logic(EQOL) whieh is interpreted in the super¬ 
operators S {HqB)- Henee, we eall them the operator terms. The null operator 0 and the identity 
operator I are two eonstant operators in S {Hqg)- A set of variables X = {xk\k 6 N} is interpreted 
in S (HqB), and eaeh xj^ is an operator variable term. The operator terms f a and are ealled 
the probability operator term, the projeetive measurement operator term. These two operator 
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terms will be explained in detail in the last part of this subsection. Moveover, we also give the 
operations between the operator terms, including the addition operator term t+t, the composition 
operator term tt, and the tensor product operator term t (g) t. We write a collection of all operator 
terms as Term. 

The third syntax part is the quantum operator formulae. We call them the global formulae 
which are recursively built from quantum operator comparison proposition t < t and quantum 
sub-system [G](G c qB) using the connectives □ and ii. We call these two connectives quantum 
implication and quantum falsum. If a quantum operator formula is just a quantum operator com¬ 
parison proposition or a sub-system, then we call them quantum operator atomic propositions. 
We denote the collection of all quantum operator atomic propositions by qAtom = {t < t, [G]}, 
and write a collection of all quantum operator formulae as Tg. Also, if there no any opera¬ 
tor term variables contained in a given quantum operator formula, then we call it a quantum 
operator closed formula. 

As a supplementary explanation, we need to give the meanings about the probability opera¬ 
tor term, the projective measurement operator term and several quantum operator formulae. 

The probability operator term f a is a projective measurement operator on a subspace 
spanned by a standard computational basis which is a collection of measurement outcomes 
that make classical formula a true. It is also denoted byPjQ,]!where dor]] is a set of valuations 
which make classical formula a true. Given a density operator p, then tr(( f a)(p)) denotes a 
probability that the classical formula a holds for the outcomes occurring in a projective mea¬ 
surement Please note that there is also a probability term fain EQPL. But the difference 
here is that the latter is interpreted in the real closed field. However, it also denotes a probability 
that the classical formula a holds for the outcomes occurring in measurement. In this sense, 
these two terms have the same meanings. 

We define the projective measurement operator term as follows: 

7’a •= '^(aA)g ^IqB\G, 

where A c G, G c qB. If G = qB, then we denote by Ta- 

Given A be a subset of G, we also define 

AA := A qbk A A -'qbk A = A qbk A A -'qbk A (V A {qbkY’"), 

qbk^A qbk^G\A qbk^A qbkeG\A x qbkeqB\G 

where (qb^Y = ~'qbk, (qbkY = qbk, x = {xiX2 ■ ■ ■ x\qB\G\\Xi 6 {0,1}}, \qB \ G\ the cardinality of 
qB\G. 

If A is restricted to G, then we denote A qbk A A -'qbk by (AA)g, that is, 

qb^eA qbiieG\A 

(AA)(5 = A qbk A A -'qbk. 

qb^eA qbiieG\A 

In particular, we have (/\A)qB = A qbk A A -'qbk. 

qbi^eA qbf(eqB\A 

The P{aa)c ill denotes a projective measurement operator on the subspace of Hilbert 
spanned by a standard computational basis which makes the classical formula aA true, that 
is, P(aa)g = f (AA)g. Meanwhile, the IqB\G in is an identity operator restricted to qB \ G. 


1 



Furthermore, VA c G, we have 

^ ^ P(/\A)a ® IqB\G = Ig^ IqB\G = ^G- 

ACG ACG 

Example 3.1. Let qB = {qb\,qb 2 ,qb^,qb^,qb^), G = {qbi,qb 2 ,qb 2 ,qb^}, and A = {qbi,qb 2 ], 
then 

(1) (AA)g = qbi A qb2 A -^qb^, A -^qb^ = (qbi A qb2 A -^qb^, A -i<2'Z74 A V {qbi A qb2 A 

-^^73 A -^Z74 a ^Z75) = (11000) V (11001). 

(2) {AA)qB = {qbi A qb2 A A ->qb4 A = 11000. 

Assume that the Hilbert subspace is spanned by the set A, that is, = i'panllllOO)}, 
then 

(3) = P (aA)g ® IqB\G - Plim® Iqb^ - PWOO ®(|0)(0| + |1)(1|). 

(4) Ta = P11000 - 

Based on the above definition, the operator term is essentially a projeetive measurement 
operator. Similarly, it eorresponds to the term |r)GA of EQPL. The latter is called the logical 
amplitude vga [18]. Assume that a quantum state is is a classical valuation which assigns 

true to elements of A and false to elements of G \A, then ||r)GAl = l(v^|iA)| denotes a probability 
that the outcome is after the projective measurement. Similarly, the former denotes that 
when a quantum state p is given, tr{T^{p)) is a probability that the outcome is (AA)g after the 
projective measurement T^. 

The quantum sub-system [G] is the same with that of EQPL. It denotes that G is an isolated 
and non-entanglement quantum sub-system. The quantum operator comparison proposition 
t\ < t 2 denotes that if a density operator p is given, then the probability of the measurement 
outcomes performing q at the state p is not greater that that of performing G- It is different 
from that of EQPL. The latter is a comparison between two numbers from the real closed field. 
Moreover, it is also different from (1) of Definition 2.1. The latter is a comparison between 
the two super-operators at the state p. But, the former is a logical formula which need to be 
interpreted. In other words, given a quantum state p, only if after interpretation in S then 
ti < ^2 is a comparison between the two super-operators, that is, ti <p t 2 . 

Example 3.2. LetqB = {qbi,qb 2 }, a = qbi/\qb 2 , P = -<qbiA-<qb 2 , then [[cr]] = {11}, [[/3]] = {00}. 
VVfe consider the following quantum operator comparison proposition 

(fa)<(fp)or (Pi„j < Ppj). 

If given a quantum state p = 0.7|00)(00| -l- 0.3|11)(11|, then we have 

tr{{f a)p(f af) < tr((fP)p{fff) i.e., P|[„]| <p Pipi- 

It implies that (f a) < (f P) is true at the state p. 

If a quantum state p = 0.3|00)(00| -l- 0.7|11)(11|, then we have P|[q,| <p Pyjj which implies 
that (f a) < (f P) is false at the state p. 

Definition 3.1. Considering an exogenous quantum operator logic, we define a sub-language 

ofEQOL by 

a:=0|/|jc|a-l-a|aa|a<8»a, where a e S {Hqs); 

K \= a < a \ti\ K n K. 
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We denoted this sub-language by sub-EQOL. We eall the terms of sub-EQOL as quantum 
operator analytieal terms, the quantum operator formulae of sub-EQOL as quantum operator 
analytieal formulae. This sub-EQOL is useful to study the eompleteness of EQOL. 

3.2 Semantic of EQOL 

Given a density operator p, the language of EQOL needs to be interpreted. The semanties of 
EQOL eonsist of three eomponents: the valuations of elassieal formulae, the interpretations of 
quantum operator terms, the satisfaetions of quantum operator formulae. 

1. The valuation of elassieal formulae. 

Assume that a is a elassieal formula and v is a valuation in 2^^, we denote v |= a if v satisfies 
a, and write [[cr]] = {v 6 2^^|v 1= cr} as a valuation set of a. 

2. The interpretation of quantum operator terms. 

Aeeording to quantum operator terms, we will propose their semanties from two aspeets: 
the operator interpretations and the probability interpretations. 

Firstly, we need to define an assignment funetion cr : X ^ S (H^b) where X is a eolleetion 
of all operator variables, and an operator interpretation funetion of terms: 

[•] : Term 

Obviously, the funetion cr is the restrietion of [•] to X. For simplieity, in most oases, we will not 
eonsider the operators variable terms and always omit the symbol of the assignment funetion 
V'. 

We present the operator interpretations as follows. 

(1) [X] - (r(x); (2) [0] - 0; (3) [7] - 7; (4) [/a] - - 2 Pp, (5) [T^] - PpA)a®I,B\G, 

velaj 

where A QG,GQ qB; (6) [ti -l- ^ 2 ] ~ [h] + [^ 2 ]; (7) [^ 1 ^ 2 ] ~ [h] • ihV, (8) [h ® ^ 2 ] “ [h] <S) [t 2 ]. 

Seeondly, we will present the probability interpretations of terms in the following. We need 
to define a quantum operator strueture M over a projeetive measurable spaee. 

In aeoordanoe with [18], we introduoe a definition about the eomponent sub-systems. As¬ 
sume that 5 be a partition of qB, then Alg(S) is defined by ^ M;} ^ that is, it is a 

eolleetion of all unions of sets in the partition(ineluding the empty set). Eaeh G 6 Alg{S) models 
the qubits of the eomponent systems. Alg{S) satisfies the following properties: 

(1) (l),qB 6 Alg(S); 

(2) If A 6 AlgiS), then qB\A& Alg{S); 

(3) If Ai,A 2 6 AlgiS), then Ai U ^2 e AlgiS). 

Definition 3.2. A quantum operator structure over a projective measurable space < V, A > 
is a five-tuple M =< S iH^s), V,S,p,p >, where: 

(1) V is a non-empty subset o/2^®; 

(2) S is a partition of qB; 

(3) p is a density operator on H^b; 

(4) P, = 0,vi V; 

i5) p := {T^\A c G,G c qB}, where ~ F(^a)g ® IqB\G, ifGe AlgiS). 
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Example 3.3. We consider the following quantum operator structure 


M =< S{HqB), V,S,p,p>, 

where qB = {qbi,qb 2 ], V = {00,01,10,11}, 5 = {0,qB},p = 0.4|00)<00| + 0.6|11)<11|. 

We can obtain 

Alg{S) = {0,qB], 

and have p = {TlTl\Tll]. 

Given a set of density operators (p^, 5 6 S}, where p^ is a density operator on we extend 
p to Alg(S) as follows. 

(1) P0 = /; 

n 

(2) PaiuA2-ua„ = ® Pai- 

i=\. 

Let a quantum operator structure M =< S{H^b),V,S,p,p > be described by a quantum 
operator structure <V,l^V,A>, where for any U QV, 


A([/) ~ '^veuPV &S(H,b). 


Given a quantum operator structure M =< S(HgB),V,S,p,p >, we also need to define a 
probability interpretation function of terms over M: 

[•Im : Term [0,1], 

for t 6 Term, = tr(\t\{p)). This function acts the operator interpretation about t first and 
calculates the trace at the state p later. For simplicity, we always omit the symbol'[]'. 

Based on the above analysis, we recursively define the interpretations of quantum operator 
terms as follows. 

(1) IxIm = tr(cr(x)(p)). 

(2) [OIm = triOip)) = 0. 

(3) [/1m = tr(I(p)) = 1. 

(4) [f ctIm = tr(Pia]i(p)) = Z tr(Py(p)). 

ve[a]l 

(5) [T^Im = tr((P(^A)G ® lqB\G)(p)), where AQG,G QqB. 

( 6 ) [p + t 2 ^M = [LIm + [LIm = trfiip)) + tr(t 2 (p))- 

(7) [LLIm = triti(t2(p))). 

( 8 ) [p < 8 ) tzlM = tr((ti < 8 ) t 2 )(p)) = tr(ti(pi))tr(t 2 (p 2 )), where p = pi < 8 )p 2 . 

Example 3.4. Let a quantum operator structure be given as in Example 3.3, then we have 

(1) [ f ^qb\ V ^qb 2 iM = triiPoQ + Pqi + /'io)(p)) = 0.4; 

(2) ITlliM = HPnip)) = 0.6; 

(3) [Tf rjflM = HPooiPnip))) = 0. 

The difference from the interpretations of terms in EQPL is that we interpret the operator 
terms as the super-operators. Meanwhile, if a quantum operator structure is given, then we also 
present their probability interpretations. For example, f a is interpreted as a probability that the 
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classical formula a holds for an outcome of a projective measurement, and is interpreted as 
a probability that the outcome is (AA)g after measurement. 

3. The satisfactions of quantum operator formulae 

LetM =< S(HqB), V,S,p,ii > be a quantum operator structure, then we recursively define 
the satisfactions of quantum operator formulas as follows. 

( 1 ) M 1 = q < t 2 if and only if [ti] <p fe], or IhIm < Itiln- 

(2) M 

(3) M h [G] if and only if G 6 Alg{S). 

(4) M 1= yi □ 72 if and only if M ^ 7 i, or M |= 72 . 

The satisfaction of quantum operator comparison proposition denotes that a given quantum 
operator structure M satisfies t\ < t 2 if and only if the probability of measurement outcomes of 
performing q is not greater than that of performing t 2 on M. The satisfaction of [G] denotes 
that a given quantum operator structure M satisfies [G] if and only if G is an isolated quantum 
sub-system. The satisfaction of 71 □ 72 is similar with that of the classical implication formula, 
that is, a given quantum operator structure M satisfies the 71 □ 72 if and only if either M does 
not satisfy 71 or M satisfies 72 . 

3.3 Axioms and rules 

In order to enrich exogenous quantum operator logic, we further define several other quantum 
operator formulae and connectives, and give their shorthand forms as follows. 

(1) quantum operator negation: By for 7 Bit. 

(2) quantum operator disjunction: 71 U 72 for (ByO □ 72 . 

(3) quantum operator conjunction: 71 n 72 for b(B 7 i U B 72 ). 

(4) operator terms equivalence: t\ = t 2 for {t\ < 12 ) n {t 2 < t\). 

(5) quantum operator equivalence: 71 = 72 for (71 □ 72 ) n (72 □ 71 ). 

( 6 ) ti less than tp ti < t 2 for {ti < ^ 2 ) n B(t 2 < ti). 

Given a collection of all classical propositional variables, denoted by P, we write f : P ^ 
qAtom as a mapping from P to quantum operator axiomic propositions qAtom. Then, we re¬ 
cursively extend / to a homomorphic mapping from classical formulae Tc to quantum operator 
formulae Yq, that is, for any classical formulae ai,a 2 , f(-'a) = Bf(a), f(ai 0 : 2 ) = /(«i) ^ 
f(a 2 ). Meanwhile, if a is a classical formula, we write a^sf as a quantum operator formula 
under a homomorphic mapping /. 

Definition 3.3. Let T be a classical proposition tautology, Tqgf is defined as a quantum oper¬ 
ator tautology, denoted by IT. 

We will present an axiomatization system of EQOL which contains 12 axioms and 2 rules 
as follows. Every axiom or rule will be named. For example, the first axiom is named by QTaut. 

( 1)12 axioms 

[QTaut] h 7 , for each quantum operator tautology 7 . 

[7?CF] h k{xlf\, where A: is a quantum operator tautology, .r and t are sequences of variables 
and terms. The k{xlt\ implies that it is obtained by replacing all occurrences of Xi by t,. 
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[Unit] h [G] □ ( 2 = I), where G Q qB, espeeially, h 2 Ta= I. 

AQG AQqB 

\CTaut\ h f a = I, for eaeh elassieal tautology a. 

[Mesh0] h f J.= O. 

{FAdd\ h (Jcri A Qr2 = G) □ (JcTi V Qr2 = /«i + f 0 : 2 )- 

{Mon\ h f ai ^ a 2 ^ (f ai < f a 2 )- 

[Prob] h f AA = Ta, or h f or = 2 T’a- 

Asm 

[MGl] h ([Gi] n [G 2 ]) □ ® where Gi n G 2 = 0,Ai c Gi, A 2 c G 2 . 

[Sub0] h [ 0 ]. 

[SubU]h[Gi]o([G2]o[G:UG2]). 

[Sub\] h [G] = [^5\G]. 

( 2 ) 2 rules 

\CMP] a[,ai ^ 02 Q'2- 

[QMP] ri,ri ^ 72 I- 72- 

The Sub0, SubU, Sub\ and CMP are the same with those of EQPL [18] in the sense of 
syntax and semantie. Through QTaut, RCF, Mesh0, FAdd and QMP have the same forms 
with those of EQPL, they are proposed in the sense of operator. The Unit, CTaut, Mon, Prob 
preserve the semantie equivalenee from those of EQPL. The MGl mainly eoneerns the tensor 
produet between projeetive measurement operators. 

3.4 The satisfiability problem of exogenous quantum operator formulae 

As for the satisfiability problem of Tg, we only eoneem about quantum operator elosed formulae 
in this subseetion. Henee, we need no assignment funetions. Given any quantum operator 
formulae 7 , 71,72 6 Eg, the length I 7 I of a quantum operator formula 7 is defined reeursively 
as follows: (1) I 7 I = 0; (2) | B 7 I = I 7 I + 1; (3) I 71 □ 72 I = maxdyil, I 72 I) + 1. If there is an 
algorithm to deeide whether a given quantum operator strueture satisfies a quantum operator 
elosed formula, then we have: 

Theorem 3.1. Given a quantum operator structure M, 7 is a quantum operator closed formula, 
then we need an G( 2 "^”| 7 |) time to decide whether M satisfies 7 . 

Proof. We assume that all basie arithmetieal operations take unit time. As to every quantum 
elosed operator formula 7 , its length of 7 is I 7 I. Let = n, every quantum density operator 
over qB is represented by a a 2” x 2" matrix. So the addition, the subtraetion and the multi- 
plieation between matrixes respeetively takes G(2^”),G(2^”),G(2^”) time. As to the probability 
operator term f a, the evaluation takes G( 2 '*”) time as we have to eompute the set of valua¬ 
tion 2^^ and [[f o^m = tKPiajip)), where we require G(2") time eorresponding to traveling 
throughout all the valuations satisfying a and eonsume G(2^”) time about tr{Py{p)) for every 
valuation. By reason of = tr(T^(p)), we take G(2^”) time to interpret T^. Aeeording 

to interpretation of the quantum operator terms q -l- 12, t\t2 and t\ ® t2, eomputing these terms 
respeetively require G(2"), G(2^"), G(2^") time. After the time eomplexities of these operator 
terms are obtained, the remaining eomputation about quantum operator formula 7 takes at most 
G(| 7 |) time. Henee, the total time algorithm to deeide if M satisfies 7 is G(2^"). □ 
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4 Soundness 


As an axiomatization system, a logic is sound which implies that if F h y, then F |= y. The proof 
of soundness suffices to show that if y is an axiom, then any given semantic structure(model) M 
satisfies y. That is, every axiom is valid. In this section, we will show that exogenous quantum 
operator logic is sound. 


Lemma 4.1. Let a be a classical tautology and f be a homomophic from F^ to Tq, for any 
quantum operator tautology aqgf, If^ ctqsf, then 1 = Uqsf. 


Proof. Given a collection of all classical propositional variables P, a quantum operator structure 
M =< SiHqs), V, S,p,p >, we define a valuation function v' over P, i.e., v' : P ^ {0,1} such 
that '^p e P, 


v'(p) 


1 , M^fip), 

0, otherwise. 


For any classical propositional formula a, it is easy to show that the following proposition 
holds by using induction on the structure of the formula a. 


v' 1= O' if and only if M |= aqgf. 

(1) If or is a propositional formula -L(falsum), we have v'(-L) = 0 if and only if M -L?b/- 

(2) For any v 6 V, if a is ai ^ Q' 2 , then v doesn’t satisfy ai or v satisfies Q' 2 - If v |= a 2 , 
we show by using induction on the structure of the formula Qr 2 that there is a quantum operator 
structure M such that M \= {a 2 )qBf- If v ^ cri, then there is not a quantum operator structure M 
such that M ^ (ctO^b/. So for any M, M ^ (ai)qBf or M 1 = (a 2 )qBf, that is, M \= (ai)qBf □ 
(ailqsf- Let aqBf := (aftqBf □ {a 2 )qBf, then we obtain M \= aqsf. Therefore, for any v £ V, 
if V 1= or, then there is a quantum operator structure M such that M |= (a)qBf. Conversely, 
according to the definition of v', we have v' |= a. From what we have showed above, v' 1= or if 
and only if M 1 = aqBf. In particular, if a is a classical propositional tautology T, then 1 = T if 
and only if |= T^^/. Since the classical propositional logic is sound, we obtain that if a is an 
axiom(l- a), then a is valid(|= a). Hence aqBf is also valid, i.e., t= a^e/. 

Under the homomorphic mapping, the quantum operator formula T^ 5 /(the quantum opera¬ 
tor formula -L^b/) corresponds for tautology T (contradiction J.). We also denote T^b/ by IT. 
In accordance with Lemma 4.1, we get the following conclusion: -L^b/ =ii, b ii= TT. □ 

Lemma 4.2. The axioms are valid. That is, let y be a quantum operator formula, if\- y, then 

N y. 


Proof. Given a quantum operator structure M, we get 

(Unit) If h ([G]) □ ( Z Lf = 7), then N ([G]) □(2 7’^ = /). 

ACG ACG 

Assume that M 1= [G], then G 6 Alg{S ) and qB\G £ Alg(S ) which imply that G and qB\G 
are distinguishable and non-entangled. Moreover, we have 

[Z T^iM= Z tr(T^(p))= Z H{P(^A)o®hB\G){p)) 

ACG ACG ACG 

= Z tr{{P(^A)G®IqB\G)iPG®PqB\G)) = Z tr{{P(^ a)g(Pg)) = L 

ACG ACG 

Hence, N ([G]) □ ( Z = 7)- 

ACG 


13 



(Mesh 0 ) If h f ±= 0, then 1= f ±= 0. 

Using the definition [[ f J.]]m = Z tr(P^,p) = Z PidP = tr(0p) = 0 and E0 ]]m = 0, then we 

ve|[±] 0 

obtain |= f J.= 0. 

(FAdd) If h (Jori A q '2 = 0) □ (Jori V q '2 = /®i + / ^ 2 ), then |= (Jai A 0:2 = 0) □ 
(f aiV a2 = fai + f a2). 

Assume that M f aiAa 2 = 0, then ckj A a 2 =-L and so [[ai A Q' 2 ]] = hence [[ori]] n ^a 2 ^ = 

0 . Thus, if Vv 6 Hai]], then v i ECK2L orif Vv 6 Ea2L then v i Ecki]]. 

Again, E/q;i V a; 2 ]]M = Z HP^p) = ( Z + Z )tr{PvP) 

veEq'iVq' 2 ] VElail VEfel 

= Z tr{PvP) + Z tr{P^p) = EJttilM + E/Q' 2 ]]m- 

vElail vE|[a 2 l 

Therefore, f ai V a 2 = / + f 0 ^ 2 - We get 

M i= (f ai A a2 = 0) o (f ai V a2 = f ai + fa2). 

Since the quantum operator structure M is arbitrary, we get 

t= (Jai A Q'2 = 0) □ (Jai V Q'2 = /«1 + f «2)- 
(Mon) If h (JO'! ^ 0:2) □ (J«! < f a2), then |= (J0:1 ^ Qr2) □ (Jori < f a2). 

Assume that M \= Jo'i ^ q' 2 , then M \= Jo'i ^ Qr 2 = /. So, we get Ecri ^ 0 : 2 ]] = 2^^. 
This implies that {a\ a 2 ) = T or Eo'i]] c Ea 2 ]]. Hence Z tr{PvP) ^ Z tr{Pyp) and so 

VElffi]! VE|[a 2 l 

f ai < f Q' 2 . Therefore, ]= (Jori ^ Qr 2 ) o (f ai < f Q' 2 ). 

(Prob) If I- / aA = Ta, then |= f aA = T^. 

Assume that gB = {qbi,qb2, • ■ ■ ,qbn} and A = {qb'^^qb^, • • • ,qb'^], m < n, we get AA = 
qb[ A qb '2 A ■■■ A qb'^ A Let us take any quantum operator structure M such that 
E f AAIm = Z ^f(PvP) = tr{ Z PvP) = tr{ Z P qbiqb2—qbn wP) 

veaA veaA we 2 «®\^ 

— tTiJyP® Z Pw)P^ ~ ^^(,(,Pa ® I2‘I^\a)P\ 

we 2 ?«\''' 

we get ETaIm = tr((PA <S) I 2 ‘ib/a)p) and 1= f aA = Ta. 

(MOD If H ([Gi] n [G2]) □ = T^l ® where Gi n G2 = 0 , Ai c Gi, A2 c G2, 

then N ([Gi] n [G2]) □ ® rf^). 

Assume that M |= [Gi] n [G 2 ], then we get M [Gi] and M ]= [G 2 ], hence Gi 6 Alg{S) and 
G 2 6 Alg(S). Again, because of Ai c Gi and A 2 c G 2 , then we have Ai e Alg(S), A 2 6 Alg(S) 
and Ai U A2 e Alg(S). This shows that Gi and G2, Ai and A2 are distinguishable. Hence, we 
may further compute the following equation. 

I.Ta!uAo^^ ~ Z ^K(.f^AiUA2 ® f(GiUG2)\(AiUA2))PGiUG2) 

A,UA2CGiUG2 

= Z ^K(.f’A,UA 2 ® f(GlUG 2 )\(AiUA 2 ))(PAiUA 2 ®P(GiUG 2 )\(AiUA 2 ))) 

A1UA2CG1UG2 

= Z ^K(.f’AiUA 2 PAiUA 2 ) ® (f(GiUG 2 )\(AiUA 2 )P(GiUG 2 )\(AiUA 2 ))) 

A1UA2CG1UG2 

= Z ^K(.f^AiUA2PAiUA2))^K(f(GiUG2)\(AiUA2)P(GiUG2)\(AiUA2))) 

A1UA2CG1UG2 

= Z HPAipAi)tr(PA2PA2)HlGAAiPGi\Ai)HlG2\A2pG2\A2) 

A1UA2CG1UG2 

= Z tr(PAipAi)tr(lGMlPGi\Ai)tr(PA2pA2)HlG2\A2pG2\A2) 

A1UA2CG1UG2 

= Z tr{PA^®lGi\A,pG,)tr{PA2®lG2\A2PG2) 

A1UA2CG1UG2 

= Z HPa.^IgMiPg,) Z tr{PA2®lG2\A2pG2)- 

AlCGi A2CG2 
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Using the definition [[rf 'lMlIT’?]]" = ^ HPai® Igaa.Pgi) Z HPa^ ® Ig2\A2Pg2\ 

AiQGi A2QG2 

get Henee M |= = T^l ® Sinee the quantum operator strueture 

M is arbitrary, we get the following result 1= ([Gi] n [G 2 ]) □ ^ ® 

Using Lemma 4.1 and Lemma 4.2, we obtain the following theorem. 

Theorem 4.1. Assume that any exogenous quantum operator formula y, ifv- y, then |= y. That 
is, exogenous quantum operator logic is sound. 

5 Completeness 

As an axiomatization system, a logie is eomplete whieh implies that if L 1= 7, then L h 7. For 
an exogenous quantum propositional logie, the proof of its eompleteness has already been pre¬ 
sented in [13] whieh mainly uses the Model Existenee Lemma about the eonsistent exogenous 
quantum formulae. In this seetion, a similar teehology is proposed to prove the eompleteness 
of exogenous quantum operator logie. 

Proposition 5.1. Every quantum operator formula is a quantum disjunctive normal form. 

Let Q c qAtom and D Q Q, n (n^g(g\£))(B/i)) is said to be a quantum operator 

moleeule formula, denoted by UqD, where D and Q \ D are the positive and negative part 
respeetively. If 77 is a quantum operator moleeule formula, we respeetively denote the positive 
part and the negative part by q^,q~. Then, we say that a quantum operator formula is in the 
disjunetive normal form if it is a disjunetive of quantum operator moleeule formulae. 

Definition 5.1. A quantum operator formula 7 is said to be consistent if)A B7. 

Proposition 5.2. Every quantum operator formula is consistent if and only if its quantum oper¬ 
ator molecule formulae are at least consistent. 

Proof. Without loss of generality, we provide a quantum operator formula 7 = 71 U 72. Then 7 
is eonsistent, if and only if 71 , 72 are at least eonsistent. 

(=>). Proof by eontradietion. In the following, it suffiees to show that the quantum disjune- 
tion 7 of two ineonsistent quantum operator 71 and 72 is ineonsistent. Assume that 71 and 72 
are ineonsistent, then we have h B 71 and h B 72 . Sinee (B 71 ) □ ((B 72 ) □ b( 7 i U 72 )), we get 
h (B 72 ) □ b( 7 i U 72 ). Henee, h b( 7 i U 72 ). So, 71 U 72 is ineonsistent. 

(<=). Proof by eontradietion. In the following, it suffiees to show that if 7 is ineonsistent, 
then 7 i, 72 are all ineonsistent. Assume that 7 is ineonsistent, then we have h b( 7 i U 72 ). Sinee 
b(7i u 72 ) = B 71 n B 72 , we get h B 71 n B 72 . Therefore, 71,72 are ineonsistent. B 

Aeeording to Proposition 5.2, in order to deeide eonsisteney of exogenous quantum operator 
formulae 7, we only need to show that one of its quantum operator moleeules is eonsistent. 

Assume that any given quantum operator formula 7, we ean find an equivalent quantum 
operator formula 7' sueh that 7' has no any probability operator term f a. It is followed from 
Axioms CTaut, Meshd), EAdd, Mon, Prob. 

Proposition 5.3. Let q be a quantum operator molecule formula, there is a molecule formula 
q' such that q' has no any probability operator term J a and \- q = q'. 
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Proof. Without loss of generality. Assume that 77 is a quantum operator moleeule formula and 
has a probability operator term f a. Using the Prob axiom h f a = 2 ^a, we replace the 

Asm 

probability operator term f a by the projective operator terms TA,Ae [[cr]]. Then, we show that 
the quantum operator formula rj' after substitution is equivalent to 77. □ 

Assume that 77 is a quantum operator molecule formula, given a mapping cr : X ^ S {Uqs), 
if t\ < t2 ^ 77+ then a{t\) < cr(t2), and if ti < t2 & ri~ then cr{ti) ^ cr(t2), thus we say that 77 is 
<-consistent. 

Assume that [G] is a sub-system operator formula, if there is a partition S such that S can 
interpret sufficiently the formula [G] which is contained in a quantum operator molecule, we 
say 77 is a 5-satisfiable, denoted by S \=s rj. 

Lemma 5.1. [18] Ifrj is consistent, then rj is s-satisfiable. 

Theorem 5.1. If a quantum operator formula 77 is consistent, then there is a quantum operator 
structure M =< S {HqB), V,S ,p,p > such that M \= q. 

Proof. We recall that every quantum operator formula is consistent if and only if one of quantum 
operator molecule formulae is consistent. So it suffices to consider a consistent quantum oper¬ 
ator molecule formula. According to Proposition 5 . 3 , we assume that 77 contains no probability 
operator term f a. 

Given a quantum operator molecule formula 77 free of probability term, we consider a quan¬ 
tum operator molecule formula qi = q n ( X = I), and obtain a result that 77 is consistent if 

AQqB 

and only if 771 is consistent. 

For any G 6 Alg(S), we give a quantum operator molecule formula 771 n (nc;gA/g(S)[G]), then 
obtain l- 771 = (771 n (nG6A/g(5)[G])). According to the Axiom Unit, we have h ([G]) □ ( 2 = 

ACG 

7), so h n ([G]) ^ n ( Z 7’a = ^)- Therefore, h 771 □ (771 n fl iZ Ta = Ig)) and so 

GeAlgiS) GeAlgiS) AcG GeAlg(S) AcG 

\-qi=(qn n ( Z Ta =/g)). Let 772 = 77 n ( fl ( Z Ta =/g)), thus h 772 = 771 . 

GeAlgiS) ACG GeAlgiS) AcG 

For any Gi, G2 ,Ai,A 2 such that Gi, G2 e Alg{S),Ai QGi,A2 c G2, we consider a quantum 
operator molecule formula 772 n nGi.G2eA/g(^),AicG,.A2CG2(Tr,‘uA2' = ® )■ According to the 

Axiom MOl, we obtain: 

fl = r°‘ ® r°;). 

Gi ,G2eAlgis),A , cGi ,A2CG2 

Let 773 = 772 n nG,,G2EA/g(.).AicG,,A2CG2(Tjuf2' = ® ^ 2 )’ *US h 773 = 772. The same proves that 

h 77* = 773, where 77* = 773 n (T® = I). 

In conclusion, we have h 77 = 77*. So, we have a result that 77 is consistent if and only if q* is 
consistent. 

In the following, we concern with the existence of quantum operator structure about q* 
which is consistent, q* is a quantum operator molecule formula which consists of equations 
about the projective operators, inequations about ti < t2 and sub-systems [G]. As a part of 
77*, we suppose that q% is a conjunction form which consists of equations about the projective 
operators and inequations about t\ < t2 in 77*. The remainder is denoted by q*^Qy We note that 
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if ?7< is inconsistent, then r]% U is also inconsistent, hence rf is inconsistent. We denote 
by rjo which is obtained from ?7< by replacing each term of the form by x^g, 
that is, rjo = ril.{T^/ xj-g}. Similarly, we replace each variable terms x-rc by Tf in rjo, and 
get ?7< = rjo{xYG/T^}. The rjo is a quantum operator analytical formula of sub-EQOL. The 
following will show there is a quantum operator structure M such that M \= jjq. 

Proof by contradiction, if there is not any quantum operator structure M such that M \= rjo, 
then Brio is a quantum operator analytical tautology, that is, h Brjo using QTaut. Furthermore, 
using RCF, then we have h BrjoixjG that is, h B?/*. Hence, 77* is inconsistent. Therefore, 
if is inconsistent. Since rj = rj*, we also obtain that rj is inconsistent. This falls into conflict 
with the prerequisite that rj is consistent. Hence, there must be a quantum operator structure 
M' such that M' \= rjo. Then, according to the definition rjo and Lemma 5 . 1 , there must be a 
quantum operator structure M such that M \= ?7(or M rf). □ 

In the following, we build this quantum operator structure M =< SV,S,p,n > such 
that M 1= 77. 

( 1 ) P 0 = /. 

( 2 ) For any G £ S ,p = <S) 

GeS 

( 3 ) Define an assignment function cr : X ^ S {Hqs) such that 

{ rf, if XjG is a variable operator term in rjo- 
= otewise. 

We construct p = {Tf }^cg- Then, we define a quantum density operator p^ = Yj PaPa, where 

aqg 

Pa = tr(T^(p^)) andp^ = |(AA)g)<(AA)g|. 

Example 5.1. VFe consider the following quantum operator molecule formula q: 

[qB] n (^ < Tp n (^7 < rf). 

WF build a quantum operator structure: 

M =< S(HqB),V,S,p,p >, 

where qB = {qbi,qb2], V = { 00 , 01 , 10 , 11 }, 5 = { 0 ,^ 5 }. We have Alg(S) = { 0 ,^ 5 }, and define 
an assignment function 

cr : X ^ S {HqB) such that cr(x) = rf. 

Let p = (r^, rf, rf}, we give a density operators as follows 

p = 0 . 6 | 00 )< 00 | + 0 . 4 | 11 )< 11 |. 

We can show that M \= q. 

Theorem 5.2. Exogenous quantum operator logic is complete, that is, if\= y, then h y. 

Proof. Assume that y, we have B(By) followed by Atom QTaut and QMP, thus By 
is consistent. Then by the Theorem 5 . 1 , there is a quantum operator structure M such that 
M \= By. So M ^ y. This falls into conflict with the prerequisite 1 = y. Hence, the theorem is 
valid. B 
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6 Application examples 


In this section, in order to see the usefulness of our logic, we consider several examples in¬ 
cluding Bell states, the BB84 protocol and quantum loop programs. In particular, we propose a 
novel notion of quantum Markov chain which can be used to describe quantum loop programs. 


6.1 Reasoning about Bell states 


The Bell states are firstly studied by Einstein, Podolsky and Rosen. They are a concept in 
quantum information system, represent the most simple example of entanglement, and have 
applied for designing quantum communication. An independent sub-system is said to be in 
Bell state which be composed of a pair of qubits if they are maximally entangled. For example, 
the following state is a Bell state: 

|<A) = ^(|10) + |01)). 

V2 

In [13], reasoning about Bell states has been discussed using EQPL. By applying the meta¬ 
theorem theorem, one can use EQPL to derive that a pair of qubits in a Bell state is necessarily 
entangled. 

By using our logic, the entanglement about a pair of qubits in a Bell state can be also derived. 
Specific details go as follows. 

Given a Bell state \i]/) = -^(|10) + lOl)), its corresponding density operator is represented as 
P = \^m = ^[110X101 + 110X011 + 101X101 + 101X011]. 


Assume that there is a pair of qubits qB = {qb\,qb 2 }, we have Pqb, = \l, Pqb 2 = We denote 
tr(Pyp) by p(v), V 6 (00,01,10,11], and havep(OO) = p(ll) = 0, p(01) = tr(Poip) = | and 
p(10) = tr(Piop) = The following projective operators are necessary: 


rpqB 

'*0 


0 = 0 0 < 

qB ^ ^ ^qb^] 


o<Tf, ,,o< r‘t\',o < 

{qb2]’ {qbi\' {qb2\ 


The fact that a pair of qubits in the Bell state is entangled can be expressed as the following 
quantum operator formula of EQOL, denoted by 77 : 


{{{qbQ,qbi}] □ 7 ) □ (B[{qbo}] n B[{qbi}]). 

where 7 := (71 n 72 n 73 n 74), 71 := (Pf = 0 ), 72 := (T^J = 0 ), 73 := (0 < = ^I), 

n ■= (0 < Kh = 

In the above formula, [{qbo,qbi}] implies that the quantum system is an independent two 
qubit sub-system. 7 is a quantum operator sub-formula which is used to describe the Bell state 
|(/f) = -^(|10) -I-101)). B[{(5rZ7o}] n Bd^fiil] implies that neither qbo nor qb\ forms an independent 
sub-system. Then, if we derive that q is valid, we will be able to interpret that a pair of qubits 
in a Bell state is entangled. In other words, we will derive the following assertion: 


h (i{qbQ,qbi}^ □ 7) □ (B[{<5rfio}] n B[{<5rZ7i}]). 
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Reasoning about this assertion is as follows. 

Proof. 

{l)\{qbY,qb 2 ]\. P(reoondition) 

(2) [{qbi}]. H(ypothesis) 

(3) ([{qbi,qb 2 }] □ ([{<?^i}] □ [{<?^ 2 }]))- Axiom SmZjU 

(4) ([{^Z>i}] □ [{qb 2 ]]). (1),(3) 

(5) [{qb2]]. (2),(4) 

(6) r = ri n 72 n 73 n 74. P 

(7) 72 = = 0. (6) 

( 8 ) ([!«(.,|] n [|<,i,|J) □ s r;*; 0 r|*|). Axiom MOl 

(9) Cl 0 Cl = 0. (2),(5),(7) 

(10) (0<d)n(0<C). P 

(12) ±. (9),(10) 

(13) Ji. Soundness. □ 

Therefore, by deduetion, we obtain that this assertion q is valid, and show that neither qbo 

nor qbi forms an independent sub-system. That is, this quantum system is entangled. 

6.2 Reasoning about BB84 protocol 

Quantum eommunieation and eryptographie protoeols are beeoming an important praetieal 
teehnology. In a great number of researeh, their eorreetness has been proved using the methods 
of quantum eomputation and quantum information. But, few of them make use of formal meth¬ 
ods sueh as formal model languages and logie deduetion. In this subseetion, we will reason 
about BB84 protoeol using EQOL. 

The BB84 developed by Bennett and Brassard in 1984 [26], is a quantum eryptographie 
protoeol based on the law of quantum meehanies. The basie BB84 protoeol is as follows. 

Assume that there are two groups of polarization basis(reotilinear basis and diagonal basis), 
and four polarizations(vertioal, horizontal, diagonal and anti-diagonal). 

(1) Aliee ehooses a random string of bits A(polarization basis), and prepares a string of 
qubits Q with a random string of bits (polarization) sueh that belongs to the ehosen basis. 

(2) Aliee sends this strings of qubits to Bob. For eaeh qubit. Bob randomly ehooses a 
polarization basis B and measures the polarization of qubit. Let Kb he the measure results. 

(3) Aliee and Bob use the publie ehannel to eompare their polarization bases, and determi¬ 
nate at whieh positions the polarization bases are equal, and keep only the polarization data at 
those positions. If no interferes of eommunieation ehannel or eavesdroppings, these data should 
be the same. We eall them raw keys. 

(4) At the last step, Aliee and Bob use some elassieal methods to eheek whether those raw 
keys are the same, otherwise, there exist errors and eavesdropping. 

There is a method verifies that there are errors and eavesdropping in BB84 protoeols. That 
is, at those positions that the polarization bases are equal. Bob would ehoose and announee a 
random subset of their keys, then Aliee would eompare this string of bits with one of her own 
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at corresponding positions. Under the non-noise condition, if there is different between two 
strings of bits, then one would assert there is eavesdropping in this BB84 protocol, otherwise 
this protocol is efficient. Under the noise condition, if the bit error rate of two strings of bits 
reaches a certain threshold, then one would assert there is eavesdropping in this BB84 protocol. 

So this negotiation fails. 

Generally, one can use algorithm to verify the BB84 protocol in quantum computation. 

In the following, we will use our logic to derive whether there is eavesdropping in the BB84 
protocol after generating the raw keys. 

Firstly, we build a quantum operator formula to represent an assert whether there is eaves¬ 
dropping in the BB84 protocol. 

Assume that Hqg is a composite quantum system which is a tensor product of the n-dimensional 
Hilbert space Hk^, Hg and Hjcg. qB/^ is a finite set of qubit symbols {qb‘Ji = 1,2, • • • ,N}, 

A 6 {A,Ka,B,Kb}. For any M c {1,2, •• • ,N}, let qB^iM) = {qb^^\i 6 M), we build an exoge¬ 
nous quantum operator formula as follows: 


r 

I 


^ := (0 < iAieM{qb\ ^ qb^e))) ^{al < (yjeniqb] 


r 

< ( 


'Ka 




-qb^Ks^)), 


where a > 0 is an arbitrary small number. 

A detailed analysis of this formula go as follows. In this formula, one of classical formulas 


AieM{qb\ ^ qbs) 


denotes that two groups of the polarization bases are equal. Then, 


0 < (AieM{qb\ ^ qb‘B)) 

is a quantum operator atomic proposition. Given a density operator, if it is true, then it denotes 
that the probability of two groups of the polarization bases be equal is greater than zero. And, 
the other of classical formulas 

yjeMiqb^KA ^ 

denotes that two groups of raw keys have at least one pair of dilferent raw keys. Then, the 
quantum operator axiom proposition 


al 




(yjeMiqbl ^ -^qbi)) 


denotes that the probability about dilferent raw key be exist is greater that the threshold a. That 
is, it is the extent of the bit error. 

Then, the following quantum operator formula 


/< 


/< 


^ := (0 < I (AieMiqb^ ^ qbs))) □ (a/ < | (yj^miqb^KA ^ “'‘2'^^))) 

denotes if it is possible that two groups of the polarization bases is equal, then the probability 
of the corresponding two groups of the raw keys be dilferent is greater that the threshold a. 
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Hence, if we need to reason about there is eavesdropping in the BB84 protocol, then we will 
only derive that a given density operator p satisfies ip, that is, 

p N v- 

The above analysis gives a method to reason about that there is eavesdropping in the BB84 
protocol. Besides, in open environment, the communication process of BB84 protocol can be 
considered as a quantum Markov chain [25]. In the future work, we will discuss the related 
properties about the BB84 protocol over quantum Markov chain such as several satisfiability 
problems. 

6.3 Quantum Markov chain based on EQPL 

Quantum Markov chain(QMC) is a mathematical formalism for the discrete-time evolution 
of open quantum systems. There are several versions of quantum Markov chains. In [27], a 
quantum Markov chain is a 2-tuple < G,s > where G is a directed graph and s = [e,y] is a 
transition operator matrix. Every element Sij labels the edge of from vertex j to vertex i where 
the sum of every column forms a quantum operator. In [28], a quantum Markov chain < H,e > 
is extended from a classical Markov chain of < 5,P > where the state space is replaced by a 
Hilbert space and its transition matrix is replaced by a super-operator. A similar type of QMC 
having the same power is given by < S, Q,AP,L > [25]. In this model, S is a finite set of 
classical states, Q : S x S SI(H) such that Xifss Q{s,t) ~ In is called by a super-operator 
weighted Markov chain for each s e S. The classical properties of states are described using 
classical label function L : S ^ 2^^ where AP is a finite set of classical atomic propositions. 
However, the quantum properties can be not described in this model. In order to describe 
quantum properties, we introduce a novel notion of quantum Markov chain. 

Definition 6.1. An exogenous quantum Markov chain is a five-tuple 

Mq =< Hqjj, S,linit, AP, L > . 

where {!) s is a quantum operator over Hqs, (2) knit c HqB is a Hilbert subspace of quantum 
initial states, (3) L is a labeling mapping from D{HqB) to 2^^, where AP c qAtom, \AP\ = n. 

The behaviour of quantum Markov chain can be described as follows: from po 6 knit, if 
the current state is in a density operator p, then it will be in the state e(p) in the following 
step. Meanwhile, the density opertaor p, after the ith transtion is labeled by L(p,) 6 2^^. It is 
similar with the labeling function of classical Markov chain < S, P,knit,AP, L > [29]. In the 
classical Markov chain, the labeling function value is a valuation of a classical formula which 
describes the properties of the current state. Similarity, in the exogenous quantum Markov 
chain, the labeling function value is a valuation of a quantum operator formula which describes 
the properties of the current state. Please note that the AP of exogenous quantum Markov chain 
is a subset of quantum operator atomic propositions, but that of classical Markov chain is a set 
of classical atomic propositions. 

According to the above analysis, our logic can describe the quantum properties of states 
over quantum Markov chains. 
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Given any p 6 D^Hqs), the support sup pip) of p denotes a spaee spanned by eigenveetors 
of p with non-zero eigenvalues. Let p,p' 6 D{HqB), we say that p is adjacent to p', written 
p ^ p', if suppip') c sisuppip)). An infinite sequence tt = po ^ pi ^ • of adjacent density 

operators is callled a path from initial states po 6 hnit- We denote all infinite paths from po as 
Pathsipo). The following state or paths is useful. 

(1) The i - th quantum state of path n: n\i\. 

(2) ;r[z..] forp,p,+i ■ • ■. 

(3) ;r[..z] forpopi • ■ -p,-. 

Reachability analysis is an important issue in model checking [19]. We will focus on four 
reachability properties: future reachability, global reachability, infinitely often reachability, ul¬ 
timately forever reachability. 

(1) future reachability: n 1= Fy if and only if 3/ > 0, n\i\ |= y, 

(2) global reachability: tt 1= Gy if and only if Vz > 0, ;r[z] |= y, 

(3) infinitely often reachability: n \= t/y if and only if 3z > 0, Vy > z, n[j] 1= y, 

(4) ultimately forever reachability: 7r\= ly if and only if Vz > 0, 3j > z, n[j] \= y. 

Definition 6.2. Given an exogenous quantum Markov chain Mq,pq 6 Unit, A = {F,G, U,I}, y 
is an exogenous quantum operator formula, then we define Mq,po t= Ay if and only if for any 
n 6 Pathsipo), n 1= Ay. 

6.4 Reachability of generalized quantum loop programs 

Recently, quantum loop programs have attracts a few author’s attention [30-34]. The paper [31] 
has given several criteria for deciding termination of a quantum loop on a given input. Mean¬ 
while, quantum loop program in the open environment has been proposed, called by generalized 
quantum loop program(GQLoop). The results show that GQLoop can be modeled by quantum 
Markov chain [35]. In the following, in order to reason about the termination of GQLoop, 
we will model GQLoop by using exogenous quantum markov chain, describe the termination 
property as a quantum operator formula. 

Suppose that we have a quantum system which has n quantum registers qb\,qb 2 , ■ • • ,qbn, 
and each of their state spaces is Hi, i < n. We define a quantum operator K : DiHqs) DiHqs) 
on a tensor product space Hqs = ®'l^iHi, i.e.. Kip) = if^^EpE], where [£’;} is a collection of 
operation elements satisfied ’L'l^^EjEi = I, p e DiHqs), d = dimiHqs). Let M = I,mmMm be 
an observable quantity over Hqg, we write speciM) = [m] for the spectrum of M. For any 
X c speciM), we introduce a kind of generalized quantum loop program [31-35] defined by 
K,M and X may be written as follows: 

whileiM[^ 6 X){q := Kiq)], (1) 

where ^ is a sequence qbi,qb 2 ,--- ,qb„ of quantum registers. Assume that Mi = Mx = 
Mo = M^ = I - Mx = ^mespec(M) -xM,n and I a Unit operator over Hqs, the guard 
“M 6 A” in formula(l) implies that the projective measurement Mx,Mj is applied to q. The 
work and computational process of the GQLoop can be visualized by Figure 1 and Figure 2. 
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p't\p) 


Figure 1 The work of GQLoop 


Figure 2 The computational process of GQLoop 


For any input state pfj = Po 6 D^Uqs), if GQLoop doesn’t terminate before the n - 1 steps, 
then GQLoop will terminate with probability Pr(pl" output state 

P^^out - ill the n - th step. In the case of nontermination, GQLoop will continue 

pr(p,„ ) 

with probability PNTip^^~^^) = 1 - PTip^^~^^) = the nontermination state p)^^ = 

» and the next input state p|”^ = K{p^"^.,). For convenience, we denote the termination 

Pnt(p\„ ) 

probability and the nontermination probability in the n-th step by p^^(p), p^jip), respectively. 

Given an input state pfj 6 D(HqB) and a generalized quantum loop program, for any n e N, 
if p^^(p-°^) = 0 , we say that the generalized quantum loop program terminates on input state 

p(°\ 

^ in 

A generalized quantum loop program is an exogneous quantum Markov chain. In fact, a 
generalized quantum loop program has been expressed as a quantum Markov chain [34, 35]. 
We give a set of quantum operator atomic propositions AP = {pi < r|^, < p/|p 6 [0,1]}, 

where the pi < < pi) implies that the probability is greater(less) or equal to p that the 

measurement outcome is in X. Then, the guard M e X can be written as a quantum operator 
formula y = (pi < T^^) n (T^^ < p/)(or y = = pi)), p e [0,1]. Given an input 

state p|°\ after n steps, if pfj |= y or pfj |= (T^^ = pi), then the formula y denotes that 
the probability of the measurement outcome being in A is p in the state or the GQLoop 
doesn’t terminate with a probability of p. Besides, using the definition of GQLoop, we get 

P = pfM-!) = 

Proposition 6.1. Given any input state pfj, there is a positive integer n such that a generalized 
quantum loop program terminates after n steps, that is, p^^^ipf^) = 0, if and only if there is an 
exogenous quantum Markov chain Mq such that MQ,pfJ |= Fy, where y = = O). 

In the above proposition, MQ,pf^ 1= Fy implies that for any n 6 Pathsipf^), if tt |= Fy, then 
there is a positive integer n such that n{n\ = pf^ 1= y. Therefore, we have tr(T‘^(pf^)) = 0 or 
Pnt(pZ^) = that is, the probability of termination is 1 . 

This proposition shows that the termination of GQLoop can be turned into solving the 
satisfiability problem of the formula Fy. 
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7 Conclusion 

The main contribution of this paper is to introduce a novel logic for open quantum systems by 
using exogenous approach where the density operator is considered from the state logic point of 
view. We call it an exogenous quantum operator logic(EQOL). It is an extension of exogenous 
quantum propositional logic(EQPL). The main difference between EQPL and GQLoop is that 
the former use the unit vectors to describe the closed quantum systems, whereas the latter use 
the density operators to describe the open quantum systems. 

The main idea is to replace the term languages of EQPL by the operator languages in our 
logic, and interpret them in the super-operators. Through using the classical formulae and the 
operator terms, we recursively build quantum operator formulae. This approach is expressive 
enough to reason about open quantum systems where the density operators are considered. 

As an axiomatic logical system, we present several axioms and rules. We show it is sound 
and complete. To illustrate the expressiveness of our logic, we cite some examples, for example, 
reasoning about the entanglement of the Bell states. The properties described in these examples 
are modeled by quantum operator formulae and reasoned about their satisfiability. Besides, we 
also use our logic to propose a novel notion of quantum Markov chain: exogenous quantum 
Markov chain, that be used to formalize the discrete-time evolution of open quantum systems. 
As its application, we illustrate that a generalized quantum loop programs can be described by 
an exogenous quantum Markov chains, its termination problems can be modeled and checked. 

Along exogenous quantum operator logic, we still have much work to be done. As one of 
the future directions we are pursuing, we would be interesting to have a temporal version of 
exogenous quantum operator logic, for example LTL and CTL. Meanwhile, we also consider 
their SAT and model-checking problems. In order to describe the evolution of open quantum 
systems, we also plan to research the dynamic version of EQOL. 
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